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o 

A 2-ring TZ is a category with categorical ringed structure (see [8]). As 1- 
dimensional algebra, we defined 7?.-2-modules [5] in a different way with M.Dupont's 
2-modules in his PhD. thesis [2]. An 7£-2-module we mentioned in this paper is 
(.4., 1,-, a, b, i, z), where A is a symmetric 2-group with 7£-2-module structure •, I 
is the unit object under •, a,b,i,z are natural isomorphisms satisfying canonical 
properties [S]. 

Based on the works of A. del Rio, J. Martinez- Moreno and E. M. Vitale[3], 
we defined the left derived 2-functor in the 2-category (2-SGp) and gave a fun- 
damental property of the derived 2-functor in our third paper [7] of the series 
of higher dimensional homology algebra. In [21 [5] , the authors showed that 



*Supported in part by NSFC with grant Number 10971071 and Provincial Foundation of 
Innovative Scholars of Henan. 



1 



the 2-category (72-2-Mod) is an abelian 2-category which has enough projec- 
tive(injective) objects([6] dD])- Naturally, we will consider the higher dimensional 
homological theory in (72-2-Mod). 

The aim of this paper is to develop a homological theory in the 2-category 
(72-2-Mod) just like the 1-dimensional case. We will construct the projective 
resolution of any 72-2-module, which is unique up to 2-chain homotopy(Definition 
3) and give the definition of the left derived 2- functor in (72-- 2- Mod). Moreover, 
we shall give a fundamental property of the derived 2-functor. In our paper, most 
results are similar to [7J, just replacing the morphisms of symmetric 2-groups by 
morphisms of 72-2-modules. The most different and difficult are to give the 72-2- 
module structures of relative kernel and cokernel. 

The present paper is organized as follows. In section 2, we give some basic 
facts on 72-2-modules such as the relative kernel and cokernel which are appeared 
in [2l [3l ?] for symmetric 2-group case. The homology 72-2-modules of a complex 
of 72-2-modules appear in this section, too. In the last section, we mainly give 
the definition of projective resolution of an 72-2-module and give its construc- 
tion(Proposition 2). After the basic definition of derived 2-functors from abelian 
2-category (72- 2- Mod) to (<S-2-Mod)([2j [S]), we obtain our main result (Theorem 
2). 

This is the fourth paper of the series works on higher dimensional homological 
algebra. 

2 Preliminary 

In this section, we give the definitions and constructions of the relative (co)kernel 
in (72- 2- Mod) from the definitions of them given in [21 E], and then give the homol- 
ogy 72-2-modules of a complex of 72-2-modules which is similar to the homology 
symmetric 2-groups given in [7], where 72 is a 2-ring. In this paper, we will omit 
the composition symbol o in our diagrams. 

Definition 1. The relative kernel of the sequence (F,tp,G) : A — > B — > C in 
(72-2-Mod)is the triple (Ker(F, (p), e(F,tp), £ (F,ip)) m (72-2-Mod) as in the following 
diagram 
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Ker{F, cp) lf " > ^ > C 



with £(.f» compatible with y?, i.e. the following diagram commutes 



GFe, 



GO 



=> 



and satisfies the following universal property: 
Given a diagram in (7?.-2-Mod) 




with ifi compatible with ip, there is a factorization 

(Ef : /C -> Ker(F, : e (F , v ) o E' ^ E) 

in (7^-2-Mod) through (e^^), that is the following diagram commutes 



e - E 



=> 



and if (E ,ip ) is another factorization of (£7, ip) through (e^p), £ (.f»), then there 
is a unique 2-morphism e : E' =$> E' , such that 
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V,q» e 




commutes. 

The existence of relative kernel is given similarly to the general kernel[5]. 

First, Ker(F,(p) is a symmetric 2-group(see [3J E] ) consisting of: 

• An object is a pair (A £ obj(A),a : F(A) — > 0) such that the following 
diagram commutes 

G(F(A)) ^— > G(0) 




■ A morphism / : (A, a) — » (A' , a) is a morphism / : A — > A of A such that 
the following diagram commutes 

F(A) — FJ£L ^F{A) 




Second, Ker(F, ip) is an 1Z- 2- module: 
There is a bifunctor 

• : K x Ker(F, -> Ker(F, <p) 

(r, (A, q.)) i — V t • (A, a) = (r ■ A, r ■ a) , 
(x, /)(->• x • /, 

where r • A and x • / are the object and morphism in A under its 7?--2-module 
structure, respectively, r ■ a is the composition morphism F(r • A) ^2 r ■ F(A) ^—^ 
r ■ ^ 0. The above bifunctor is well-defined. In fact, for (A, a) £ obj(Ker(F, ip)) 
with G(a) = pa, there is G{r-a) = r-G(a) = r-tpA = ^r-A from the basic properties 



4 



of 72-2-modules. Moreover, the natural isomorphisms in the definition of 72-2- 
modules and the universal property are given as general kernels(more details see 
0)- 

Definition 2. The relative cokernel of the sequence (F, (p,G) : A — > B — > C in (72- 
2-Mod) is the triple (Coker((p,G),p( lpi G),'K(tp,G)) in (72-2-Mod) as in the following 
diagram 








A >B > C > Coker(<p,G) 




o 



with 7[( ftG ) compatible with tp, i.e. the following diagram commutes 

p, ~.GF ^= > p. „.0 

K F 

(<p,G) can 



and satisfies the following universal property: 
Given a diagram in (72-2-Mod) 












with ifi compatible with tp, there is a factorization 

(Ef : Coker((p, G) K,,^' : E' o P{ ^ G) => £) 
in (72-2-Mod) through (p^o)) t%,g))> that is the following diagram commutes 



OF 
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EG 







¥ 



and if (E ,ip ) is another factorization of (E, ijj) through (pi tp> G),'X( (Pj G), then there 



commutes. 

The existence of relative cokernel is also similar to the general cokernel[5]. 
First, Coker(if,G) is a symmetric 2-group(see [3j[7]) consisting of: 

■ Objects are those of C. 

■ A morphism from X to Y is an equivalent class of a pair (B, f) : X — > Y with 
B G obj(B) and / : X -> G(B) + Y. For two morphisms (B, f), {B\ f'):X^Y 
are equivalent if there is A e obj(A) and a : B ^ F(A) + £ such that the 
following diagram commutes 



is a unique 2-morphism e : E =>■ i?" , such that 




A' 



G(fi) + 7 



G(5) + 7 



G(F(^) + S') + 7 




+ G(S') + 7< 



G^(^) + G(5) + 7 



Second, Coker(ip, G) is an 7?.-2-module. 
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There is a bifunctor 



■:Ux Coker((p, G) -> Coker^, G) 
(r, X) r • X, 

(ri — > r 2 , A > Y) i-)- ri • A )• r 2 • Y, 

where r • X and r% ■ B are the objects in C and B under the 7£-2-module structures 
of them,respectively, / is the composition morphism 7*1 ■ X — >■ n • (G(B) + Y) ^ 
n ■ G{B) + n-Y~ G(n ■ B) + n-Y G(n ■ B)+r 2 -Y. This bifunctor is 

well-defined. In fact, if [B, f] = [B' , /'] : X — >• Y", i.e. there exist A E obj(A) and 
a : B + 5' such that the following diagram commutes 



A' 



G(B') + Y 

"I 



-> G(B) + Y 

C(a) + 1 

G(F(A) + B') + Y 



+ G(B) + Y < A + 1+l GF(A) + G(B) + Y 



Hence, there exist T\ ■ A e obj(A) and ri ■ a : r\ ■ B — > F{ri • A) + r\ ■ B' such that 
the following diagram commutes 



r. ■ X r x ■ (G(B) + Y)— — >r, ■ G(B) + r t Y 1 + t> > r, • G(B) + r 2 -Y — ^> G(r, -B) + r 2 Y 



'[ * /;-(G(F(^) + .B') + y) <i G <»> + 1 



r r (G)fS) + 7) 




^■G(F(^ + 5') + >;T 



/•,-G(^) + B) + r 2 T 



r r (GF(^) + G(5) + 7) 

V 

r V G{F{A) + r x -B) + r l -Y , 



(<p. +1 + 1) 



G{;; ■ o) + 1 

G(f (r 1 -^) + r 1 ^S') + r 2 -7 



r r (GFOI) + GC8 )) + r 2 -y 



r r q(B) + r r Y^\ v , 

T .^r r (0 + G(5) + 7) v«e J +1 > + 1 



r r (0 + G(5')) + r 2 -y 



r r (0 + G(B )) + r 1 -7 
r r G(fl') + r 2 -y = > G(r r B') + r2 -Y 



+ G(r,-5') + r 2 -y 



Then x • [B, /] = [n • B, /] = [n ■ B' , / ] = r x ■ [B' , /'] : n • X -> r 2 • F. 
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Moreover, the natural isomorphisms in the definitions of 7?--2-module and the 
universal property are given as general cokernel(more details see [5]). 

Remark 1. Just like symmetric 2- group discussed in [H|2l[3], we can §i ye the 
definitions of (relative-) 2-exact, cohomology 7£-2-modules in (7£-2-Mod). 

A complex of 7?.-2-modules in (7^-2-Mod) is a sequence 

A = ...b^ An h± An _ x A _ 2 ^...J^ Al J^ Ao 

together with a family of 2-morphisms {a n : L n _i oL„ =^ 0} n >2 in (7?.-2-Mod) 
such that, for all n, the following diagram commutes 



4-i o 



0Z,„ 



Consider part of the complex 




Based on the universal properties of relative kernel Ker(L n , a n ), we have the 
following diagram 




Similarly as the definition of (co)homology 2-group in [3j[7], the nth homology 1Z-2- 
module H n (A.) of the complex A. defined as the relative cokernel Coker(a n+ 2, L' n+1 ) 
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Note that, to get H (A.) and "Hi (A), we have to complete the complex A on 
the right with the two zero morphisms and two canonical 2-morphisms 
■ • • ^ Ai ^ Ao ^ ^ 0, can : o L x 0, can : o => 0. 

The explicit description of 1-L n {A.) can also be given from the existence of 
relative kernel and relative cokernel in (TZ- 2- Mod) like the symmetric 2-group case 
in OE]. 

A morphism (F., A.) : A. — > B. of complexes in (7£-2-Mod) is a picture in the 
following diagram such that the following diagram commutes 




where F n : A n — > B n is 1-morphism in (7?.-2-Mod), A n : F n _i o L n =>- M n o F n is 
2- morphism in (TZ- 2- Mod), for each n, making the following diagram commutative 



* M„F n L n+l 



W„M„ +1 F„ +1 



0' 



OF.. 



Such a morphism induces, for each n, a morphism of homology 7£-2-modules 
H n (F.) : % n (A) — >• % n {B.) from the universal properties of relative kernels and 
cokernels. It can be described as follows: (more details see [3j [7] ). 

Given an object (A n e obj(A n ),a n : L n (A ra ) — )■ 0) of H n (A), we have 
H n (F.)(A n ,a n ) = (F n (A n ) e obj(B n ),b n : M n (F n (A n )) -> 0), where 6 n is the 

composition M n (F n (A n )) F n _iL n (A») F^O) - 0. 

Given a morphism [A n +i G o&j^An-i-i), £ n +i : ~^ -^n— l 

(X n+1 ) + AJ : 

(A n ,a n ) ->■ (A^,0 in H n (A.), we have "H n (F)[X n+ i, x n+ i] = [F n+1 (X n+1 ) E 
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obj{B n+1 ),x^: F n {A n ) -> M n+1 (F n+1 (X n+1 ))+F n (A' n )] : (F n (A n ,b n ) -> (F n «),^), 
where x^I is the composition F n (A n ) Fn(Xn+1 \ F n (L n+1 (X n+1 +A' n )) ^ F n L n+1 (X n+1 ) + 
F n (A' n ) (A " +1)X " +1+1 ; M n+1 (F n+1 (X n+1 )) + F n (A' n ). 

Remark 2. 1. For a complex of 7£-2-modules which is relative 2-exact in each point, 
the (co)homology 7?.-2-modules are always zero 7£-2-module(only one object and 
one morphism). 

2. For morphisms A. - ' \ B. — ' M \ C. of complexes in (7^-2-Mod), their 
composition is given by (G n o F n , (/i n o F n +i) -k {G n o A n )), for Ti G Z, where * is the 
vertical composition of 2-morphisms in 2-category(|9j). Moreover, ~H n (G. of.) ^ 
U n {G)o% n (F). 

Definition 3. Let (F., A.), (G, fi.) : (A,L.,a.) — > (B.,M.,{3.) be two morphisms 
of complexes of 7£-2-modules. If there is a family of 1-morphisms {i7 n : Ai — > 
B n+ i} n€ z and a family of 2-morphisms {r n : F n =^ M n+1 o H n + i^-i o L n + G n : 
An — )■ B n } ne z satisfying the obvious compatible conditions, i.e. the following 
diagram commutes 



=> MF 



M H (M„ l H H +H^L m +G H ) 



M n H n _ x L n + lT n ^L n _,L n + G n _,L n M n M n+l H n + M n H n _ x L n + M n G n 



1 + H .a. +1 



M n H n _,L n +H n _^) + G n _,L n 



MH„ ,L„ +0 + G„ ,L 



Q + M„HZAi+M n G„ 



1+ f, 

* M n H n _ x L n + G n _,L n 



We call the above morphisms (F., A.), (C, /i.) are 2-chain homotopy in (1Z- 2- Mod). 



Like the symmetric 2-group case, we have 

Proposition 1. Le£ (F., A.), (G., //.) : (A, I/., a.) — )■ (B.,M.,{3.) be two morphisms 
of complexes oflZ-2-modules. If they are 2-chain homotopy, there is an equivalence 
Ti n (F.) ±2 % n (G.) between induced morphisms. 
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Lemma 1. Let K, S be 2-rings, (F.,X.), : (A.,L.,a.) -> (B.,M.,(3.) be two 

2-chain homotopy morphisms of complexes of lZ-2-modules and T : (lZ-2-Mod)^- 
(S-2-Mod) be a 2-functor. Then T(F.,X.) is 2-chain homotopic to T(G.,fi.) in 
(S-2-Mod). 



3 Projective Resolution and Derived 2-Functor 
in (ft-2-Mod) 



In this section we will construct a projective resolution of any 72-2-module, 
define the left derived 2-functor and then give the basic property of this derived 
2-functor. 

Definition 4. Let M. be an 7?.-2-module. A projective resolution of M. in (72.-2- 
Mod) is a complex of 72-2-mosules which is relative 2-exact in each point as in the 
following diagram 



with V n (n > 0) projective objects in (72-2-Mod). i.e. the above complex is relative 
2-exact in each Vi and AL 

Proposition 2. Every lZ-2-module Ai has a projective resolution in (lZ-2-Mod). 

Sketch of proof. The construction of projective resolution of M. is similar to 
symmetric 2-group case. 

For A4, there is an essentially surjective morphism Fq : Vq — > Ai, with Vo 
projective object in (72-2-Mod)([6l [10]). Then we get a sequence as follows 













>0 



S.l. 
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where : M. — > is the zero morphism[5]in (7Z- 2- Mod), is the 7Z- 2- module 
with only one object and one morphism., can is the canonical 2-morphism in 
(1Z- 2- Mod), which is given by the identity morphism of only one object of 0. 

From the existence of the relative kernel in (7Z- 2- Mod), we have the relative 
kernel (Ker(F , can), e(F ,can), £(F ,can)) of the sequence S.l, which is in fact the 
general kernel (KerF , ep , £f ) [£]• F° r 72-2-module KerF , there exists an es- 
sentially surjective morphism G\ : V\ — > KerF , with V\ projective object in 
(72r2-Mod)(|Bl ED]). Let F 1 = e Fo o G x : Vi ->■ TV Then we get the following 
sequence 




where «i is the composition F o F 1 = F o ep o G% =>- o G\ =^ and compatible 
with can. 

Consider the above sequence, there exists the relative kernel (Ker(Fi, a>i), e^ 1)0ll ^, 
£(Fi,ai)) i n (2-SGp). For the 72-2-module Ker(Fi, cti), there is an essentially sur- 
jective morphism G 2 : 7-2 — ► Ker(Fi, a>i), with projective object in (72-2- 
Mod)([6l HO]). Let F 2 = e(^ 1)C(1 ) oG%:Vi^fV\. Then we get a sequence 



Ker(F x ,a^) 








where 02 is the composition FioF 2 = F\oe^Fx,a x )°G2 =>■ 0oG 2 => and compatible 
with a\. 

Using the same method, we get a complex of 72-2-modules 
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The proof of relative 2-exactness of the sequence is the same as symmetric 2-group 
case. 

Theorem 1. Let (F. : V. — > M.,a.) be a projective resolution of lZ-2-module M., 
and H : Jv[ — > M a morphism in (lZ-2-Mod). Then for any projective resolution 
{G. : Q. — > Af,(3.), there is a morphism H. : V. — > Q. of complexes in (TZ-2-Mod) 
together with the family of 2-morphisms {e n : G n o H n H n _i o F n } n >o as in the 
following diagram 




If there is another morphism between projective resolutions, they are 2-chain ho- 
motopy. 

The proof of this Theorem is also similar to symmetric 2-group case in [7]. 
The difference is that the existence of 1-morphisms and 2-morphisms is from the 
properties of projective 1Z- 2- modules in (TZ- 2- Mod). 

Definition 5. Let K,S be 2-rings. An additive 2-functorQ2j) T: (ft-2-Mod)^(S- 
2-Mod) is called right relative 2-exact if the relative 2-exactness of 
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in A, B and C implies relative 2-exactness of 




in T(B) and T{C). 

The left relative 2-exact 2-functor can be defined dually. 

By Remark 2 and Proposition 1, Theorem 1, there is 

Corollary 1. Let TZ,S be 2-rings, and T :(R.-2-Mod)-^ (S-2-Mod) be an addi- 
tive 2-functor, and A be any object of (lZ-2-Mod). For two projective resolutions 
V., Q. of A, there is an equivalence between homology S-2-modules "H.(T(P.)) and 
H.(T(Q.)). 

Let T: (7?.-2-Mod)— ?• (5-2- Mod) be an additive 2-functor. There is a 2-functor 

dT : (ft-2-Mod) (<S-2-Mod) 
A^CiT(A), 

A-^B^ CtT(A) CiTB), 

where CiT(A) is defined by %i(T(V.)), and V. is the projective resolution of A. 
L{F is a well-defined 2-functor from the properties of additive 2-functor and Corol- 
lary 1. 

Corollary 2. Let T: (R,-2-Mod)-> (S-2-Mod) be a right relative 2-exact 2-functor, 
and A be a projective object in (lZ-2-Mod). Then CiT(A) = for i ^ 0. 

The following is a basic property of derived functors. 

Theorem 2. Let T: (R-2-Mod)^- (S-2-Mod) be a right relative 2-exact 2-functor. 
Then the left derived 2-functor C*T takes the sequence of lZ-2-modules 
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which is relative 2-exact in A, B, C to a long sequence 2- exact (similar fj\ l])in 
each point 




In order to prove this theorem, we need the following Lemmas. 

Similar to the proofs of symmetric 2-group case. We have 

Lemma 2. Let V and Q be projective objects in (lZ-2-Mod). Then the product 
category V x Q is a projective object in (lZ-2-Mod). 

Lemma 3. Let (F, (f,G) : A — )■ B — >■ C be an extension of TZ-2-modules in (TZ-2- 
Mod) (similar to |H (V.,L.,a.) (Q.,N.,{3.) be projective resolutions of A and 
C, respectively. Then there is a projective resolution (/C., M.,ip.) of B, such that 
V. — > K,. — > Q. forms an extension of complexes in (R.-2-Mod) . 

By the universal property of (bi)product of 7£-2-modules and the property of 
additive 2-functor([2j [5]). We get 

Lemma 4. Let T: (R.-2-Mod)^-(S-2-Mod) be an additive 2-functor, and A, B 
be objects in (lZ-2-Mod). Then there is an equivalence between T(A x B) and 
T(A) x T(B) in (S-2-Mod). 

Proof of Theorem 2. For 7£-2-modules A and C, choose projective resolutions 
V. — > A and Q. — > C. By Lemma 2 and Lemma 3, there is a projective resolution 
V. x Q. — >■ B fitting into an extension P. 4 ?. x Q. ^> Q. of projective complexes 
in (2-SGp)([I]). By Lemma 4, we obtain a complexes of extension 

T{V) T{V. x Q.) T{Q). 
Similar to Theorem 4.2 in [3], the long sequence 
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£ £ 7YG) A £ ,T{F) 

>£ n T(A)^±C n T{B) £„T(C) — C n _ x T(A) > £„-\T(B) 



is 2-exact in each point. 
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